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A new technique has been developed for an instant, precise, and accurate wavelength calibration over a
wide pixel array for simultaneous, multielement spectral analysis based on an inverse numerical solution
to the grating dispersion function. This technique is applicable to multielement analytical applications
such as laser-induced breakdown spectroscopy (LIBS), particularly when using high-density gratings in
the upper visible and in the near-infrared, where nonmetallic elements are detected. This application
overcomes the need to use reference spectra for each window of observation and is tested on a commer-
cially available LIBS instrument. © 2006 Optical Society of America
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1. Introduction

In many multielement analytical techniques such as
laser-induced breakdown spectroscopy (LIBS),1 an
accurate association of a pixel (diode index n) with its
corresponding wavelength (�) must exist for each and
every diode index. Typically, while observing an ar-
ray of 1024 pixels, the center wavelength (the wave-
length corresponding to diode index 512) is set by
mechanical means, while wavelength calibration for
the rest of the detector’s sensitive area can be
achieved with the aid of reference spectra. Even with
this technique, there are obvious limitations. At least
three distinct reference lines with adequate separa-
tion and spread over the spectral array must exist for
each and every spectral window of observation, and of
course, this method cannot be considered real time.

Thus fast and accurate pixel-to-wavelength associ-
ation is among the most critical issues in any wide-
array spectroscopic application, and particularly in

LIBS,2–4 where multielement analysis requires exact
identification of many lines throughout, for example,
a 1024-pixel array. While in most LIBS applications
the plasma temperature reaches thousands of de-
grees Kelvin, giving rise to simultaneous emission of
a very large number of emission lines, a specific ap-
plication might be seeking detection of just a few or
one weak analyte signal emission line. Thus accurate
and fast wavelength association of these emission
lines is critical given that LIBS applications5–7 often
use different spectral windows within the same ana-
lytical mission.

This is true not only for Czerny–Turner8 or Fastie–
Ebert spectrometers9 fitted with an array10 or two-
dimensional imaging detectors,11 since most often
some kind of binning technique is used. Recent appli-
cations with echelle-type spectrometers12–14 are even
more in need for an accurate association between a line
connecting data points corresponding to increasing
(usually large) orders of diffraction. This problem is
more pronounced in applications in the near-infrared
(NIR, 700–900 nm) employing high-groove-frequency
gratings as will be demonstrated in the following sec-
tions.

2. Theoretical Considerations

Each data element (pixel) on an imaging array at-
tached to a spectrograph15 can be associated with a
certain wavelength via the dispersion function r:

� �nm� � r �nm�mm� � position �mm�,
� �nm� � r �nm�pixel� � pixel number.
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The dispersion function r �nm�mm� can be expressed as

r �nm�mm� � 106 � cos �m����GF,

r �nm�pixel� � 109 � P cos �m����GF,

where G is the grating groove frequency (� 1�d) ex-
pressed in mm�1, F is the spectrometer’s objective
mirror focal length (usually also equal to the colli-
mating mirror’s focal length) expressed in millime-
ters, and P is the pixel size expressed in micrometers
(sample parameters are presented in Table 1). The
separation angle �m���, angle of incidence �i, wave-
length �, and spectral order m can be derived using
the fundamental grating equation (Fig. 1):

sin �m��� � m
�

d � sin �i ) m
�

d � �sin �i � sin �m����,

sin �m��� � m
�

d � sin �i ) �m��� � arcsin�m �

d � sin �i�.
(1)

Our discussion will be restricted to the first order of
diffraction �m � 1� without limiting its application to
any given order of diffraction. In most Czerny–
Turner spectrographs, the (center) wavelength �c is
set by rotating the grating about the axis coincident
with its central ruling with fixed angles of incident
and diffracted light (so that the selected center wave-
length is always directed to the center of the CCD
array). This fixed deviation angle 2x between the in-
cidence and diffraction directions is constant for a
given spectrometer16–18:

2x � �i��� � �m��� � constant, �i��� � 2x � �m���,
(2)

while the scan angle ����, which is measured from the
grating normal (Fig. 2) to the bisector of the beams, is

2���� � �m��� � �i���.

Combining the above expression with Eq. (2), we ar-
rive at

���� � �m��� � x. (3)

Thus the grating rotation angle ���� can be ex-
pressed as

���� � arcsin��G�2 cos x�. (4)

Combining Eqs. (3) and (4), we arrive at

�m��� � arcsin��G�2 cos x� � x. (5)

The exact dispersion relationship then takes the
form:

r �nm�pixel� � 109 � P cos �����GF

� r �nm�pixel�
� 109 � P cos�arcsin��G�2 cos x� � x��GF.

(6)

3. Calculations

At first, one might think that the angular dispersion is
wavelength independent and is in a linear relationship
with groove density and diffraction order as suggested
in many optics tutorials. The above relationship illus-
trates that this commonly accepted notion is not valid
here. In fact, the angular dispersion as well as the

Table 1. Typical Values from a Czerny–Turner Spectrograph

Name Symbol Units Typical Values

Grating groove frequency G lines�mm 600–2400 mm�1

Spectrometer focal length F mm 500–20 mm
Array pixel size P �m 26 �m
Spectrometer half-

deviation angle
x 15.2°

Fig. 1. (Color online) Two orders of diffraction off a ruled grating.

Fig. 2. (Color online) Grating is scanned so that the selected
center wavelength intersects the center of the CCD array.
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inverse angular dispersion relationship both vary
strongly with wavelength particularly for large wave-
length and groove densities.

The inverse (or reciprocal) dispersion function
1�r �pixel�nm� provides a measure of the spatial sep-
aration (in pixels) between different wavelengths.
Figure 3 illustrates the dependence of the inverse
dispersion function for increasing the wavelength
for two different grating spacing values. The dashed
curve indicates a 2400 line�mm grating, and the
solid curve indicates an 1800 line�mm grating. A
highly nonlinear behavior is demonstrated for the
higher-density grating for wavelengths above 650 nm.
This is the area of LIBS NIR applications, where, for
example, halogen detection publications have been
presented recently.19–22

As far as the 2400 line�mm grating is concerned,
there is a cutoff that occurs at � � 776 nm followed
by a small window where dispersion is actually re-
versed (between 778 and 804 nm); beyond 804 nm,
the above-described formulas do not apply at all. This
is a manifestation of the inherent limitations embed-
ded within the basic equation governing diffraction

off a grating, i.e., that the optical path difference
between any two consecutive openings spaced by
the characteristic groove spacing d is proportional to
d sin �m���. This is an approximation valid for small
diffraction angles and for groove spacings that are
large compared to the wavelength. For the 2400
line�mm grating the groove spacing is 0.41 	m, al-
most half the wavelength of 0.776 	m.

A second conclusion can be drawn by examining
the spectral window corresponding with the full
array of a 1024 pixel CCD. This is calculated by
the total number of diode indices multiplied by
r �nm�pixel�. Figure 4 illustrates the values for spec-
tral window width (in nanometers) versus center
wavelength for the two gratings considered above,
namely, with G � 1800 and 2400 lines�mm, respec-
tively. The extent of the spectral window decreases
for increasing central wavelength, and on average,
the spectral window for the 1800 line�mm grating is
1.5 to 2 times the corresponding window for the
2400 line�mm grating.

Fig. 3. (Color online) Calculated inverse dispersion function (ver-
tical axis) for two grating groove frequencies versus wavelength
(horizontal axis). Solid curve (right vertical axis) corresponds to a
1800 line�mm grating, dashed curve (left vertical axis) corresponds
to a 2400 line�mm grating.

Fig. 4. (Color online) Extent of the spectral window for a 1024
pixel wide, 26 	m pixel size active sensor area calculated for
two grating groove frequencies. Solid curve corresponds to a
1800 line�mm grating, dashed curve corresponds to a 2400
line�mm grating.

Fig. 5. (Color online) One-point calculation of the dispersion func-
tion is more inaccurate at higher wavelengths.

Fig. 6. (Color online) Linear approximation of the dispersion
function.
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4. Implementation

A. Current Approach—Limitations

Calculation of a different dispersion equation for each
and every pixel based on Eq. (6) is a programming
challenge because 1024 values for dispersion for each
and every pixel during each data aquisition must
be calculated. Often, LIBS instruments implement a
one-point approximation: Only one calculation is per-
formed just for the center wavelength ��512�, the cen-
ter dispersion value r512:

r512 �nm�pixel�

�109 � P cos�arcsin��512G�2 cos x� � x��GF. (7)

Then, the wavelength for any other pixel diode n
separated by an offset of �n � 512� pixels from the
central �512� is calculated as

��n� � �512 � r512�n � 512�. (8)

This is a first-order approximation, however, which
works accurately only for the center wavelength
�n � 512�; the calculated wavelength-to-pixel values
are usually acceptable for the UV (
 �2 Å), but above
600 nm with a high-density grating, the differences
can be quite large as illustrated in Fig. 5.

B. Correction Recommendation

A more precise dispersion calculation would apply a
linear approximation of the form

r � �� � � (9)

calculated over a series of small (e.g., 50 nm) wave-
length windows such as shown in Fig. 6. The problem
is that the linear approximation parameters for slope
(�) and intersection (�) are dependent on all param-
eters combined, notably the grating groove frequency
and the center wavelength. Tables 2 and 3 show some
values for the � and � parameters for the 1800 and
the 2400 line�mm gratings calculated on a 50 nm
wide sliding window.

Using such an approximation, a highly accurate
calculation of the dispersion function is possible as
shown in Figs. 7(a) and 7(b), where two examples
are illustrated. The vertical axis represents the
dispersion function. Even for the most challeng-
ing section, the 2400 line�mm grating at 750–775
nm, this approach provides a satisfactory approxima-
tion.

C. Correction Implementation

The recommended wavelength calculation must fol-
low these steps: Given the center wavelength �512,
calculate the regression coefficients �512 and �512

either from the lookup Tables 2 and 3 or from the
curve-fitting formulas:

Table 2. Linear Approximation Coefficients for a 50 nm Sliding Window for the 1800 line�mm Grating

Dispersion Linear Approximation Parameters
Grating: 1800 lines�mm

Range
(nm)

(1�pixel) (nm�pixel) (nm�pixel)
� � r � � � � 	 �

200–250 �2.108 � 10�5 4.752 � 10�2 r � �2.108 � 10�5 � 	 4.752 � 10�2

300–350 �2.561 � 10�5 4.877 � 10�2 r � �2.561 � 10�5 � 	 4.877 � 10�2

350–400 �2.800 � 10�5 4.961 � 10�2 r � �2.800 � 10�5 � 	 4.961 � 10�2

500–550 �3.617 � 10�5 5.332 � 10�2 r � �3.617 � 10�5 � 	 5.332 � 10�2

650–700 �4.681 � 10�5 5.974 � 10�2 r � �4.681 � 10�5 � 	 5.974 � 10�2

750–800 �5.725 � 10�5 6.734 � 10�2 r � �5.725 � 10�5 � 	 6.734 � 10�2

850–900 �7.326 � 10�5 8.063 � 10�2 r � �7.326 � 10�5 � 	 8.063 � 10�2

900–950 �8.619 � 10�5 9.230 � 10�2 r � �8.619 � 10�5 � 	 9.230 � 10�2

Table 3. Linear Approximation Coefficients for a 50 nm Sliding Window for the 2400 line�mm Grating

Dispersion Linear Approximation Parameters
Grating: 2400 lines�mm

Range
(nm)

(1�pixel) (nm�pixel) (nm�pixel)
� � r � � � � 	 �

200–250 �2.441 � 10�5 3.629 � 10�2 r � �2.441 � 10�5 � 	 3.629 � 10�2

300–350 �3.100 � 10�5 3.812 � 10�2 r � �3.100 � 10�5 � 	 3.812 � 10�2

400–450 �3.885 � 10�5 4.108 � 10�2 r � �3.885 � 10�5 � 	 4.108 � 10�2

500–550 �4.928 � 10�5 4.607 � 10�2 r � �4.928 � 10�5 � 	 4.607 � 10�2

600–650 �6.518 � 10�5 5.528 � 10�2 r � �6.518 � 10�5 � 	 5.528 � 10�2

700–750 �10.21 � 10�5 8.053 � 10�2 r � �1.021 � 10�4 � 	 8.053 � 10�2
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Grating: 2400 lines�mm—derived from a 25 nm
sliding window:

� � �5.8473 � 10�15�4 � 9.8282 � 10�12�3 � 6.0618

� 10�9�2 � 1.5303 � 10�6� � 1.5940 � 10�4,
(10a)

� � 4.5717 � 10�12�4 � 7.7062 � 10�9�3 � 4.7673

� 10�6�2 � 1.2397 � 10�3� � 1.5040 � 10�1.
(10b)

Grating: 1800 lines�mm—derived from a 50 nm slid-
ing window:

� � �4.6112 � 10�16�4 � 8.2458 � 10�13�3 � 5.6680

� 10�10�2 � 1.2131 � 10�7� � 2.8106 � 10�5, (11a)

� � 4.7905 � 10�13�4 � 8.7040 � 10�10�3 � 6.1239

� 10�7�2 � 1.7046 � 10�4� � 6.3783 � 10�2.
(11b)

For a given spectral window at ��512, the dispersion
formula is approximated by

r � �512 � � � �512. (12)

Comparison between Eqs. (8) and (12) shows that
instead of a fixed, one-value point for r, or the r512, we

Fig. 7. (Color online) (a) Linear approximation for the 600–650
spectral window for the dispersion function (vertical axis, ex-
pressed in pixels�nanometer) versus wavelength (horizontal axis,
expressed in nanometers) for a 1800 line�mm grating using values
from slope (�) and intersection (�) parameters from Table 2. (b)
Linear approximation for the 750–775 spectral window for the
dispersion function (vertical axis, expressed in pixels�nanometer)
versus wavelength (horizontal axis, expressed in nanometers) for a
2400 line�mm grating using values from slope (�) and intersection
(�) parameters from Table 3.

Fig. 8. (Color online) (a) Fourth-order polynomial approximation
for the � parameter (slope) using a 25 nm wide spectral window for
the 2400 line�mm grating. (b) Fourth-order polynomial approxi-
mation for the � parameter using a 25 nm wide spectral window for
the 2400 line�mm grating.

Table 4. Regression-Calculated [Based on Eq. (10)] versus Exact
Values for Dispersion

Dispersion: Fourth-Order Approximation Measured �
Discrepancy

(Å)
�

(nm) Regression Exact
Difference

(%)

327 0.027665 0.027987 �1.150 4.00
500 0.021516 0.021407 0.509 0.30
610 0.015138 0.015526 �2.500 4.80
670 0.011473 0.011384 �0.799 1.20
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are implementing a linear fit. The exact wavelength
corresponding to a pixel at offset �n � 512� is calcu-
lated by

��n� � �512 � ��512 � ��n� � �512��n � 512�. (13)

Solving Eq. (13) for ��n�, we arrive at

��n� � ��512 � �512 � �n � 512����1 � �512 � �n � 512��.
(14)

D. Correction Implementation Results

To test this model, this method was applied in the
source code of Tracer 2100 manufactured by Ad-
vanced Power Technologies, Washington, D.C., se-
rial number 007, and was fitted with a 30 cm focal
length Acton Research 300i Czerny–Turner-type
spectrometer. Wavelength-to-pixel association was
computed in real time according to Eqs. (10) and
(14). To verify the code, four-probe, interference-
free spectral lines from live LIBS spectra were cho-
sen. These are the Cu 327.39 nm, Pb 500.54 nm, and
Li 610.36 and 670.78 nm lines. By changing the spec-

Fig. 9. (Color online) (a) Sixth-order polynomial fitting for the �
parameter (slope) using a 5 pixel wide spectral window for the
2400 line�mm grating. (b) Sixth-order polynomial fitting for the �
parameter (intersection) using a 5 pixel wide spectral window for
the 2400 line�mm grating.

Fig. 10. (Color online) Experimental comparison among fourth-
and sixth-order regression fits.

Table 5. Regression-Calculated versus Exact Values for Dispersion
Based on a Sixth-Order Polynomial Fit with a 25 nm Sampling

Dispersion: Sixth-Order Approximation Measured �
Discrepancy

(Å)
�

(nm) Regression Exact
Difference

(%)

327 0.028119 0.027987 0.473 0.25
500 0.021464 0.021407 0.270 0.40
610 0.015516 0.015526 �0.067 1.40
670 0.011260 0.011384 �1.096 1.63
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trometer central wavelength during each shot, the
probe line appeared at a different diode array each
time, and the wavelength associated with this line
was simultaneously calculated. On an average of two
experimental repetitions, the calculated wavelength
was compared to the known, and the difference is
presented as a deviation in angstroms.

To evaluate the method’s accuracy, the range of
measured discrepancy, the absolute difference be-
tween the highest and the lowest values of the calcu-
lated wavelength, over the entire 1024 diode array,
was chosen as a comparison metric. A range of 2 Å
over the entire array is considered acceptable in
many real-time applications.

Application of the fourth-order fitting approxima-
tions produced the following discrepancies: for the
327.39 nm, 4.00 Å; for the 500.54 nm, 0.30 Å; for the
610.36 nm, 4.80 Å; and for the 670.78 nm, 12.0 Å.
(Data points and fitting curves are plotted in Fig. 8.)
These are still not satisfactory results. To understand
the reasons for these results, we must look at the
accuracy of the regression based on Eqs. (10) by com-
paring the exact value and its regression-calculated
value pertinent to each spectral line shown in Table
4. Under the column labeled Difference, we see
the relative difference (%) between regression-
derived and exact values.

Consequently, the fitting precision was increased
using a sixth-order polynomial fit for � and � and a
sampling of 25 nm. The results achieved using the
new regression coefficients are presented in Table 5.
In all cases, the measured discrepancy was less than
2 Å, our acceptance criterion. Significant improve-
ment can be observed in all but the 670 nm window.
While in all other wavelengths, the regression fit was
better in that window, which was increased to �1.1%
from �0.8%. Thus the increased discrepancy should
not be surprising.

Encouraged by these results, the regression fit is
further refined, to include up to 400 points and a sixth-
order polynomial with a 2 nm sampling. The polyno-
mial fit is now based on the following equations:

2400 line�mm grating—2 nm sampling:

� � �4.2924512 � 10�20�6 � 1.0509223 � 10�16�5

� 1.0377977 � 10�13�4 � 5.2399553 � 10�11�3

� 1.4223410 � 10�8�2 � 1.8996497 � 10�6�

� 1.1761611 � 10�4, (15a)

� � 3.3804240 � 10�17�6 � 8.2814222 � 10�14�5

� 8.1815644 � 10�11�4 � 4.1340079 � 10�8�3

� 1.1242044 � 10�5�2 � 1.5405966 � 10�3�

� 1.1828985 � 10�1. (15b)

1800 line�mm grating—2 nm sampling:

� � �2.7648780 � 10�21�6 � 8.3389103 � 10�18�5

� 1.0229129 � 10�14�4 � 6.4183123 � 10�12�3

� 2.1778896 � 10�9�2 � 3.3328799 � 10�7�

� 3.7097582 � 10�5, (16a)

� � 2.8856286 � 10�18�6 � 8.7123436 � 10�15�5

� 1.0695649 � 10�11�4 � 6.7245578 � 10�9�3

� 2.2965524 � 10�6�2 � 3.906752 � 10�4�

� 7.2923762 � 10�2. (16b)

The increased accuracy of this fit is demonstrated
in Fig. 9, where data points and fitting curves are
plotted. Based on this new sixth-order polynomial fit,

Table 6. Measured Discrepancy (Å) Between Actual and Calculated Wavelengths (Experimental Results)a

Experimental Results

�
(nm) Regression Exact

Difference
(%)

Discrepancy
(Å) Computed

Difference
(%)

Discrepancy
(Å)

327 0.02799 0.02766 1.150 3.76 0.02806 0.259 0.45
500 0.02141 0.02152 0.509 2.54 0.02147 0.286 0.40
610 0.01553 0.01514 2.500 15.25 0.01550 0.153 1.30
670 0.01138 0.01137 0.099 0.63 0.01131 0.615 1.30

Average 1.65 5.545 Å 0.328 0.862 Å

Calculated Differences

200 0.03140 0.03351 6.722 13.4 0.03118 0.691 1.38
250 0.03018 0.02964 1.784 4.45 0.03026 0.275 0.70
290 0.02909 0.02836 2.520 7.30 0.02925 0.568 1.65
400 0.02552 0.02599 1.815 7.28 0.02539 0.511 2.04
450 0.02358 0.02405 1.966 8.86 0.02351 0.310 1.39
480 0.02231 0.02258 1.234 5.90 0.02232 0.045 0.24
550 0.01895 0.01866 1.502 8.25 0.01905 0.541 2.97

Average 2.15 7.93 Å 0.328 1.48 Å

aDifference (%) between actual and fit-calculated deviation (computed). Data for the 2400 line�mm grating.
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the four spectral lines 327.39, 500.54, 610.36, and
670.78 nm were examined again for their precision.
The experimental results on the 2400 line�mm grat-
ing as well as the calculated difference for some other
wavelengths (column 1) are summarized in Table 6.

There is a clear improvement when using the lin-
ear fits provided by Eqs. (15). As shown by the exper-
imental comparison among fourth- and sixth-order
regression fits provided in Fig. 10, the average mea-
sured discrepancy fell to 0.86 Å, well below the 2 Å
benchmark, which compares with the natural line
broadening of many spectral lines. These results are
in line with the calculated improvement in deviation
fit as shown by an average of 0.387%. For compari-
son, the similar value with the fourth-order approx-
imation is 1.982%.

5. Conclusions

A new technique has been developed and tested for
an instant and accurate wavelength calibration over
a 1024 pixel array for simultaneous, multielement
spectral analysis. With this technique, a successful
prediction of the unknown wavelength within 0.8 Å is
possible, which compares to 3 Å (and higher) when
using a one-point calculation code. This accuracy
extends to the higher wavelengths �650 nm� above
which accurate wavelength calibration often fails. All
this is achieved without the need for a set of reference
spectra. This is the spectral region where applica-
tions in the near-infrared using gratings with high
groove frequencies need accurate wavelength calibra-
tion up to 920 nm.
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